We address the physical nature of subdwarf A-type (sdA) stars and their possible link to extremely low mass (ELM) white dwarfs (WDs). The two classes of objects are confused in low-resolution spectroscopy. However, colors and proper motions indicate that sdA stars are cooler and more luminous, and thus larger in radius, than published ELM WDs. We demonstrate that surface gravities derived from pure hydrogen models suffer a systematic ∼1 dex error for sdA stars, likely explained by metal line blanketing below 9000 K. A detailed study of five eclipsing binaries with radial velocity orbital solutions and infrared excess establishes that these sdA stars are metal-poor ≃1.2 M ⊙ main sequence stars with ≃0.8 M ⊙ companions. While WDs must exist at sdA temperatures, only ∼1% of a magnitude-limited sdA sample should be ELM WDs. We conclude that the majority of sdA stars are metal-poor A-F type stars in the halo, and that recently discovered pulsating ELM WD-like stars with no obvious radial velocity variations may be SX Phe variables, not pulsating WDs.
INTRODUCTION
Since the pioneering work of Payne (1925) , astronomers have deduced the physical properties of stars through the combination of spectroscopy and stellar atmosphere models. Different spectral features are sensitive to different stellar atmosphere parameters. The modern approach is to compare an observed stellar spectrum to a grid of synthetic spectra calculated over a wide range of parameters. The most important parameters are effective temperature T eff , surface gravity log g, and metal abundance [M/H] . Once the stellar parameters are constrained, a comparison with evolutionary tracks yields a physical interpretation of the star. Consider a spectral A-type, T eff = 8000 K star, which is the focus of this paper. If the star has log g = 8, it is a normal hydrogen-atmosphere WD; if the star has log g = 4, it is a normal main sequence A-type star. But if the star has log g = 6, it is something else.
In 2010 we began the ELM Survey, a spectroscopic survey targeting extremely low mass (ELM) WD candidates in the range 5 log g 7 and 8000 K T eff 22,000 K Brown et al. 2010) . ELM WDs are interesting because they form in ultra-compact binaries; the Universe is not old enough to make them through single-star evolution (Webbink 1984; Iben 1990; Marsh et al. 1995) . Indeed, we have found and published 76 ELM WDs in short-period binaries over the past seven years Brown et al. 2012 Brown et al. , 2013 Brown et al. , 2016a Gianninas et al. 2015) . The median binary orbital period is 6 hrs, which means that half of the observed sample will merge within a Hubble time. The merger rate implies that most ELM WD binaries will not undergo stable mass transfer or explode as supernovae, but will undergo unstable mass transfer and merge into single massive WDs (Brown et al. 2016b) .
A recent analysis of Sloan Digital Sky Survey (SDSS) spectra has complicated the picture of ELM WDs. Kepler et al. (2015 Kepler et al. ( , 2016 fit pure hydrogen and pure helium atmosphere models to the spectra of candidate WDs in SDSS, and find thousands of log g ∼ 6 objects at T eff < 9000 K temperatures. The number of these log g ∼ 6 objects is too large, by two orders-of-magnitude, to be explained as the cooler cousins of ELM WDs found in the ELM Survey. Yet their surface gravities are too great to be explained as metal-poor main sequence stars. Arguments both for and against the ELM WD interpretation appear in conference proceedings (Pelisoli et al. 2017; Hermes et al. 2017 ). Kepler and collaborators refer to these objects as subdwarf A (sdA) spectral-type stars, and their physical interpretation is unclear.
Perhaps sdA stars are thermally bloated WDs, like the class of EL CVn binaries discovered by Maxted et al. (2013 Maxted et al. ( , 2014 . However thermally bloated WDs, which are believed to have recently had their envelopes stripped by companions, are 10 to 100 times lower in luminosity, and 3 to 10 times smaller in radius, than their more massive companions (e.g., Carter et al. 2011; Maxted et al. 2014; Rappaport et al. 2015) . sdA stars differ because they are the primaries: sdA stars dominate the light of their systems, and sdA stars in the eclipsing binaries presented here have comparable radii to their companions.
In this paper we address two questions at the base of the sdA mystery. 1) Are we measuring T eff and log g correctly? 2) Are we interpreting T eff and log g correctly?
For the published ELM Survey sample, those objects with 10, 000 < T eff < 20, 000 K are almost certainly ELM WDs. The spectra of these stars are dominated by hydrogen Balmer lines, lines shaped by Stark broadening and thus sensitive to temperature and gravity at the temperature of B-type stars. The detached eclipsing binary J0651 proves the point: its radial velocity orbital solution, eclipse light curve, and spectroscopic stellar atmosphere parameters all demonstrate that this is a M = 0.25 M ⊙ , R = 0.037 R ⊙ ELM WD orbiting another WD Hermes et al. 2012a ). The same is also true for two additional eclipsing binary systems, GALEX J1717+6757 (Vennes et al. 2011 ) and SDSS J0751-0141 .
The situation changes between A0 and F0 spectral types at cooler temperatures (10,000 K to 7500 K) where the sdA stars are found. Metal line blanketing is important below 10,000 K, and the Balmer lines become insensitive to temperature (Strom 1969) . Most metals have ionization potentials of 5-8 eV that are lower than H (13.5 eV), and so, despite being rare, metals can contribute a significant fraction of electron pressure in the atmosphere of A-type stars (Strömgren 1969 ). While we would expect metallicities of A-type main sequence stars to be low -such stars would be at ∼10 kpc depths in the halo in our magnitude-limited survey -about one-sixth of A-type stars are chemically peculiar and enhanced in metals (Abt & Morrell 1995) . Helium is a particularly problematic element because its abundance is difficult to measure in A-type spectra. The ionization potential of He is higher than H, which means He does not add to electron pressure or opacity at A-type temperatures, but it does add to the weight of the atmosphere (Strömgren et al. 1944) .
Spectroscopic analysis of the metal-rich WD GD 362 provides a telling example. Based on low-resolution spectra and pure hydrogen atmosphere models, Gianninas et al. (2004) derive an erroneously high log g = 9.1 for this star.
Follow-up high resolution spectroscopy and parallax observations demonstrate that GD 362 has a helium-dominated atmosphere and log g = 8.2 (Zuckerman et al. 2007; Kilic et al. 2008 ). Yet another complication is that the classic instability strip crosses the main sequence at A-and F-type temperatures. About one-third of A-type stars are observed to be δ Scuti variables, or SX Phe variables if they are metal-poor (Breger 2000) . Fitting models to spectra is also complicated by the fact that the blackbody peak moves across the Balmer discontinuity at A-and F-type temperatures. Thus there are many reasons to be cautious about deriving the parameters of sdA stars.
We constrain the physical nature of sdA stars with a three-pronged approach. First, we compare the observed distributions of WDs and sdA stars. Second, we fit pure hydrogen models to synthetic main sequence spectra to quantify systematic error in the derived temperature and gravity. We also compare alternative SEGUE Stellar Parameter Pipeline fits to sdA spectra. Third, we study in detail a sample of 11 sdA stars suspected of being eclipsing binaries (Kepler 2015, private communication) and 11 previously unpublished ELM WD candidates with sdA-like temperatures. Most of the stars in this sample have significant radial velocity variability; 6 objects have well-measured eclipse light curves; 5 objects have significant infrared excess. A joint constraint on the observations suggests that sdA stars are metal-poor A-F type main sequence stars with late-type companions.
SURVEYS
We begin by introducing the published samples of sdA stars and ELM WDs. A comparison of basic observational parameters shows that sdA stars differ systematically from ELM WDs in color (temperature) and in reduced proper motion (luminosity).
sdA Star Sample
The sample of sdA stars comes from the SDSS WD catalogs of Kepler et al. (2015 Kepler et al. ( , 2016 . SDSS acquires spectra using a complicated target selection that depends on magnitude, color, proper motion, and position as summarized by Kepler et al. (2015 Kepler et al. ( , 2016 . Kepler et al. (2015 Kepler et al. ( , 2016 fit pure hydrogen and pure helium atmosphere models to these SDSS spectra to identify WDs. Because of the underlying target selection, the catalog of SDSS WDs is incomplete in magnitude, color, proper motion, and position. Figure 1 plots the distribution of T eff and log g derived from the pure hydrogen and pure helium model atmosphere fits (Kepler et al. 2015 (Kepler et al. , 2016 . We draw Figure 1 like an H-R diagram, with temperature increasing to the Kepler et al. (2015 Kepler et al. ( , 2016 T eff and log g derived from pure hydrogen and pure helium model fits to SDSS spectra (black dots). Clouds of normal sdB stars and WDs are labeled; the cloud of sdA stars is marked by the green dashed rectangle. Published ELM WD binaries are over-plotted as magenta diamonds. Green diamonds mark the sdA stars studied here.
left and gravity decreasing (and thus luminosity increasing) to the top. The largest cloud of objects are normal DA and DB WDs scattered around log g =8. Horizontal lines at fixed log g are DC and DZ WDs for which only temperature can be measured. There is also a small cloud of objects with log g =5.5 around 30,000 K which are the helium-burning subdwarf B stars. Low mass WD binaries published in the ELM Survey, described below, are marked by magenta diamonds. Figure 1 shows a significant, and unexpected, cloud of objects with log g ∼ 6 at cool T eff < 9000 K temperatures: the sdA stars. Given the observed distribution, we define sdA stars as having 6500 K < T eff < 9000 K, 5 < log g < 6.5 (green dashed box) for the purposes of this paper. There are about 2600 sdA stars in this sample. Some of these sdA stars are binaries, systems that allow us to place physical constraints on the nature of sdA stars. The green diamonds mark the subset of sdA stars that we study in greater detail below.
ELM WD Sample
The sample of ELM WDs comes from the ELM Survey Brown et al. 2010 Brown et al. , 2012 Brown et al. , 2013 Brown et al. , 2016a Gianninas et al. 2015) . The ELM Survey is a targeted spectroscopic survey of low mass WD can- didates selected by color. The sample is complete in magnitude 15 < g < 20 over the entire SDSS imaging footprint; stars with all proper motions are observed. We focus our attention on the 76 published ELM WDs found in single-lined spectroscopic binaries, objects for which we have physical constraints on the nature of the stars. Figure 2 plots the distribution of de-reddened (g − r) 0 and (u−g) 0 color for the ELM WD binaries (magenta diamonds) and the sdA stars (black dots, those inside the green dashed box from Figure 1 ). We draw the Figure  like an H-R diagram again, with temperature increasing to the left. The band of ELM WD binaries reflects the ELM Survey color selection: we target stars with midto late-B type colors, so that is what we find.
The cloud of sdA stars in Figure 2 is systematically redder than the ELM WDs. The difference in (g − r) 0 color indicates that sdA stars are systematically cooler than published ELM WDs. The green diamonds in Figure 2 again mark the subset of sdA stars that we study in greater detail below.
Reduced Proper Motion Comparison
Reduced proper motion is a classic tool for separating stars at the same temperature by their luminosity (e.g. subdwarfs, dwarfs, and giants). Gentile Fusillo et al. (2015) apply this technique to the SDSS photometric catalog and find a clean separation between main sequence stars and WDs using a color-RPM diagram (see also Kilic et al. 2006 ). We copy their approach for sdA stars and ELM WDs.
We use proper motions, µ, obtained from the HSOY catalog (Altmann et al. 2017 ), a new proper motion catalog that uses Gaia Data Release 1 positions for its final epoch. Figure 3 plots the distribution of reduced proper motion, H g = g+5 log(µ)+5, versus de-reddened (g−z) 0 color. As before, sdA stars are plotted as black dots, and ELM WDs are plotted as magenta diamonds. The solid red line marks the division between quasars (luminous distant objects), which sit in the upper right, and WDs (faint nearby objects), which sit below and to the left (Gentile Fusillo et al. 2015) .
Gentile Fusillo et al. (2015) observe WDs with (g − z) 0 ≃ 0 colors similar to the sdA stars, but the WDs are intrinsically fainter, H g > 15 mag, and fall below the red line. Thus Figure 3 shows that sdA stars are systematically more luminous for their color (temperature) than WDs; 98% of sdA stars lie above the red line in Figure 3 . Conversely, the ELM WDs have luminosities of known WDs at comparable temperatures; 92% of published ELM WDs lie below or to the left of the red line in Figure 3 .
STELLAR PARAMETERS
In the previous section we find that sdA stars have cooler temperatures and greater luminosities than published ELM WDs. The luminosity of a star is related to its radius and effective temperature according to the Stephan-Boltzmann law,
where L is luminosity, R is radius, σ is the StephanBoltzmann constant, and T is effective temperature. Equation 1 tells us that, for sdA stars to be cooler and more luminous than ELM WDs, they must have larger radii. Surface gravity depends on mass M divided by radius squared, log g = 4.438
where g is in units of cm s −2 , M is in units of solar mass, and R is units of solar radii. Equation 2 tells us that a typical log g = 6, M = 0.2 M ⊙ ELM WD should have a radius of 0.074 R ⊙ . Such radii are observed for ELM WDs (Hermes et al. 2014 ).
An sdA star that has the same surface gravity but a larger radius than an ELM WD must have a larger mass. Quantitatively, a 3 times larger radius requires a 9 times larger mass, or 1.8 M ⊙ to keep surface gravity constant. 1.8 M ⊙ is the mass of an A-type main-sequence star, but log g = 6 is not the correct gravity for a main-sequence star.
One explanation is that sdA surface gravities derived from pure hydrogen models are incorrect. Metal line blanketing, combined with the insensitivity of the hydrogen Balmer lines at these temperatures, may cause the pure hydrogen models to yield incorrect parameters. We test this hypothesis in two ways.
Theoretical Test
First, we fit our pure hydrogen model atmospheres to synthetic spectra of main sequence B-, A-, and F0-type stars. We generate synthetic spectra using ATLAS9 ODFNEW model atmosphere grids (Castelli & Kurucz 2004; Castelli et al. 1997) convolved to the 1Å spectral resolution of our MMT Blue Channel Spectrograph data. We fix log g=4.5 and step T eff from 7500 K to 15,000 K at solar metallicity and at one-tenth solar metallicity ([M/H]=−1). We also set v sin i=100 km s −1 appropriate for main sequence stars of these temperatures (Abt et al. 2002) . Setting v sin i=0 km s −1 changes the results very little, by less than 1%.
We then fit the synthetic spectra to the Gianninas et al. (2011 Gianninas et al. ( , 2014a grid of pure hydrogen atmosphere models used for the ELM Survey. Tremblay et al. (2013 Tremblay et al. ( , 2015 show that parameters obtained from 1D stellar atmosphere fits must be corrected for 3D convection effects, and provide 1D to 3D corrections for the range 6000 K < T eff < 14,000 K and 5 < log g < 9. Only our coolest < 9000 K synthetic spectra have fitted parameters that rise above log g = 5 and fall in this range. The predicted corrections would reduce the fitted T eff 's by about 5% and log g's by about 0.1 dex. However, because we do not have corrections for most of the measurements, we do not apply any corrections. Our immediate interest is making a self-consistent comparison. Figure 4 presents the results for the [M/H]=−1 synthetic spectra. We find that T eff fit from the pure hydrogen atmosphere models is systematically too large by about 5% across all temperatures. It is possible that an appropriate 1D to 3D correction could address this. Surface gravity shows a similar systematic error above 9000 K, however the error in log g explodes to 0.6 dex at sdA temperatures below 9000 K. This is many times larger than tabulated 1D to 3D corrections (Tremblay et al. 2015) . If we look at the results for the solar metallicity synthetic spectra, we find that the systematic error in log g is even greater below 9000 K, nearly 1.0 dex. We conclude that pure hydrogen models systematically over-estimate the log g of main sequence spectra at sdA temperatures below about 9000 K. Kepler et al. (2015 Kepler et al. ( , 2016 pure hydrogen model fits and SSPP main sequence fits to sdA stars (black dots) inside the green dashed box in Fig. 1 , plotted as a function of SSPP effective temperature.
Empirical Test
Second, we compare two different fits to the same observed spectra. We cross-match the list of sdA stars (Kepler et al. 2015 (Kepler et al. , 2016 against the SEGUE Stellar Parameter Pipeline (SSPP, Lee et al. 2008; Allende Prieto et al. 2008; Smolinski et al. 2011 ) and find 287 matches. This is about 10% of the sdA list; the other sdA stars are from SDSS spectra obtained after Data Release 9 and so are not included in the SSPP catalog. Figure 5 plots the difference between the pure hydrogen atmosphere model fits (Kepler et al. 2015 (Kepler et al. , 2016 and the SSPP main sequence fits as a function of SSPP temperature. There is a systematic offset: the median pure hydrogen atmosphere T eff is 425 K hotter (or 5% at 8000 K, the same as the synthetic tests), and the median log g is 1.8 dex larger than the SSPP main sequence model.
The sdA stars have a median log g ≃ 4 in the SSPP catalog; this is the surface gravity of a main sequence star. The sdA stars have a median [Fe/H] = −1.5 in the SSPP catalog; this is the metallicity of a halo star (Allende Prieto et al. 2014) .
Metal-poor stars are less luminous and lower mass than solar-metallicity stars of identical temperature. Consider an 8000 K star. In the Padova main sequence tracks (Bressan et al. 2012 ) an 8000 K star has 1.9 M ⊙ and 2.5 R ⊙ at solar metallicity, or 1.2 M ⊙ and 1.1 R ⊙ at [M/H] = −1. Thus a metal-poor 8000 K star is near the main sequence turn-off in the halo; hotter stars may be halo blue stragglers. For comparison, an 8000 K ELM WD has 0.18 M ⊙ and 0.03 R ⊙ (Althaus et al. 2013; Istrate et al. 2016 ).
NEW OBSERVATIONS
To test whether or not sdA stars are indeed metalpoor main sequence stars, we study a sub-sample of sdA stars in greater detail. Our sample is comprised of 11 sdA stars suspected of being eclipsing binaries (Kepler 2015, private communication) and 11 previously unpublished ELM WD candidates that have sdA-like temperatures summarized in Table 1 . We obtain time-series spectroscopy for all 22 objects and time-series optical photometry for 21 objects. We also obtain JHK infrared photometry for 6 objects. We find that 17 objects are radial velocity variable, 6 are eclipsing, and 4 of these have significant infrared excess. All of these objects are identified with their full coordinates in Table  1 .
Spectroscopy
We obtain time-series spectroscopy for 20 of the 22 objects with the 6.5m MMT telescope. We configured the Blue Channel spectrograph (Schmidt et al. 1989 ) to obtain 1.0Å resolution spectra, and set exposure times to yield signal-to-noise ratios of 10 to 15 in the continuum. We obtain spectra for the 2 brightest objects with the 1.5m Tillinghast telescope at Fred Lawrence Whipple Observatory. We configured the FAST spectrograph (Fabricant et al. 1998 ) to obtain 1.7Å resolution spectra, and set exposure times to yield similar signal-to-noise ratios. We obtain additional spectra for 6 objects with the 4m Mayall telescope at Kitt Peak National Observatory. We configured the KOSMOS spectrograph (Martini et al. 2014 ) to obtain 2.0Å resolution spectra. The spectra were mostly acquired in observing runs between December 2014 and December 2016.
All spectra are paired with comparison lamp exposures for accurate wavelength calibration. We measure radial velocities using the RVSAO cross-correlation program (Kurtz & Mink 1998) . For each object we typically obtain multiple observations on back-to-back nights in different observing runs. This observing pattern allows use to constrain the orbital properties of binaries that have periods ranging from hours to days.
Stellar Atmosphere Fits
We begin by summing the rest-frame spectra and performing stellar atmosphere fits to each object. Our approach is identical to previous ELM Survey papers. In brief, we fit the summed spectra to a grid of pure hydrogen atmosphere models that span 4000 K < T eff < 35,000 K and 4.5 < log g < 9.5 (Gianninas et al. 2011 (Gianninas et al. , 2014b . We apply the Tremblay et al. (2013 Tremblay et al. ( , 2015 1D to 3D corrections to all of the temperatures and gravities (however we are forced to extrapolate the correction for the three objects with log g < 5). We present the final parameters in Table 2 , along with the parameters independently published by Kepler et al. (2015 Kepler et al. ( , 2016 and by the SSPP catalog, when available. We find good agreement between the values derived from the two pure hydrogen models, labeled "Gianninas" and "Kepler" in Table 2 . Clipping one outlier (J0941+37), the temperatures differ on average by 6 K with a root-mean-square (RMS) dispersion of ±216 K. The gravities differ on average by 0.20 dex with an RMS dispersion of ±0.23 dex. The dispersions are consistent with the errors summed in quadrature. Thus we conclude that the two sets of hydrogen models give consistent answers.
The SSPP parameters are systematically different, however, about the same as before (Section 3.2). The SSPP temperatures for these objects are on average 430 K cooler than our hydrogen model values, and the gravities are 1.7 dex lower. Surface gravity remains the most divergent parameter, and thus the most suspect. The offsets are in the same direction, and of similar magnitude, as we found from fitting hydrogen models to synthetic main sequence spectra.
Radial Velocities
Our time-series spectroscopy provides a constraint on the radial velocity variability of the 22 objects. We start with an F-test, to test whether the variance of the observed radial velocities exceeds the variance expected from measurement errors for an object at rest. Seventeen objects exhibit significant radial velocity variability at better than 99% confidence, and thus are very likely binaries. The large number of binaries is expected: half of the objects are candidate eclipsing binaries. We iden- 
Note-Gianninas values are corrected for 3D convection effects following Tremblay et al. (2013 Tremblay et al. ( , 2015 . Kepler values come from Kepler et al. (2015 Kepler et al. ( , 2016 .
tify the velocity variable objects in Table 1 , and provide the individual measurements in the Appendix. We calculate orbital elements for the velocity variable objects using the same procedure as in previous ELM Survey papers. In brief, we minimize χ 2 for circular orbits using the code of Kenyon & Garcia (1986) . We search for orbital periods up to 4 days, which is the maximum time span of our individual observing runs.
Six objects have well-constrained orbital parameters; the remaining velocity variable objects have insufficient observations or phase coverage to yield unique orbital solutions. We plot the periodograms and the phased radial velocities for the well-constrained objects in Figure  6 . We estimate the significance of possible orbital period aliases for these six objects using the χ 2 values.
For normally distributed errors, a ∆χ 2 = 13.3 with respect to the minimum value corresponds to a 99% confidence interval for 4 degrees of freedom (Press et al. 1992) . On this basis, three objects have no significant period aliases: J0421+00 is P = 16.94 hr, J0750+40 is P = 28.35 hr, and J0803+41 is P = 32.27 hr. Three other objects have significant but uninteresting period aliases: J0811−02 is P = 33.8 hr with a cloud of aliases between 31.7 hr and 35.3 hr, J1541+31 is either P = 16.8 hr or 29 hr, and J1600+27 is either P = 23.10 or 24.08 hr. We present the orbital parameters for these six objects in Table 3 .
Unlike published ELM WD binaries, we find no evidence for short-period or high-amplitude velocity variability in any of the 22 sdA-like objects studied here. The day-long orbital periods that we do observe are confirmed by light curves.
Light Curves
We search the Catalina Surveys Data Release 2 (Drake et al. 2009 ) and find time-series V -band photometry for 21 of the 22 objects. Six objects show significant eclipses. Three of the eclipsing systems have orbital periods in excellent agreement with their radial velocity solutions. We adopt the photometric periods for these systems (J0750+40, J0803+41, and J1600+27). Figure 7 displays the Catalina light curves and our best-fit model for the six eclipsing systems. We model the light curves using JKTEBOP (Southworth et al. 2004) . Based on our initial fits, all six binary systems are composed of stars with radii consistent within a factor of two. Hence, we assume a mass ratio of 1 in our light curve fits and use the appropriate gravity and linear limb darkening coefficients for T eff = 8000 K, log g = 4, and solar metallicity stars from Claret & Bloemen (2011) . We perform 100 Monte Carlo simulations for each star to estimate the errors in each parameter. Table 4 presents our best-fit model parameters for the six eclipsing systems, whose periods range from 0.7 to 3.7 days. It is striking that all six systems include binary stars with radii that range from 10% to ≈30% of the orbital separation. These stars are too large to be WDs; they are clearly main-sequence stars. Note that the average radius of the primary star in J0802+4332 is nearly 30% of the orbital separation, so this radius may be wrong by 5% (North & Zahn 2004) .
The assumed mass ratio, q = M 2 /M 1 , has negligible effect on the radii measurements for all but two of the stars, J0802+4332 and J0803+4157. Yet even for q = 0.25, the radii estimates are larger than 10% of the orbital separation for all primary and secondary stars in all six systems. Thus our choice of q does not affect the conclusion that these stars are too large to be WDs. Table 4 also presents the V −band luminosity ratios, L 2 /L 1 , for the eclipsing systems. The secondary eclipses for these six objects are less well defined, compared to the primary eclipses. This results in large uncertainties in the luminosity ratios of the two stars in each system. With the exception of J1600+27, the eclipse ratios are consistent with luminosity ratios of about ten of percent in the V −band.
Spectral Energy Distributions
We search the Two Micron All Sky Survey (2MASS, Skrutskie et al. 2006 ) and the UKIRT Infrared Deep Sky Survey (UKIDSS, Lawrence et al. 2007 ) and find nearinfrared photometry in more than one passband for six objects. Figure 8 shows the spectral energy distributions (SEDs) of these six objects. Points with error bars show the observed photometry, whereas the dotted and dashed lines show fiducial spectral templates for A0 to M0 type stars (Pickles 1998).
Five of these stars, excluding J1011+0242, are binary systems with radial velocity variations or photometric Figure 7 . Phased-folded Catalina V -band photometry for 6 eclipsing binaries (black points) overplotted with the bestfit light curve models (red lines).
eclipses. Thus we model these SEDs with composite A0 to M0 main-sequence star spectral templates, scaling each spectral template based on its absolute V -band magnitude from Table 2 of Pickles (1998). The solid lines show the best-fitting composite template for each system. The SED for J0802+4332 is the most unusual in this sample, as it is brightest in the J−band and has the largest residuals. J0802+4332 may require a larger and more evolved companion to explain its infrared photometry. We note that the spectral types shown in Figure 8 are meant to be representative. The implied mass ratios, based purely on broadband photometry, range from q = 0.3 to 0.9. Adding the radial velocity and eclipse information allows for more accurate constraints.
RESULTS
We now combine the data into a joint constraint on the physical nature of sdA stars. Eclipses constrain the ratio of stellar radii and, given the Stephan-Boltzmann Law, the ratio of stellar temperatures. Radial velocities, given Kepler's 3rd Law, constrain the ratio of masses in each binary. Adopting an absolute measurement, such as the mass of the primary star, sets the absolute scale for the entire system. Stellar evolution models provide us with libraries of physically possible tracks of mass, radius, luminosity, and temperature as a function of a star's age. We consider two families of stellar evolution models relevant to these log g = 4 to 6 objects: Padova main sequence tracks (Bressan et al. 2012 ) and helium-core WD tracks (Althaus et al. 2013 ).
Our goal is to identify the combination of primary and secondary stellar mass, radius, luminosity, and temperature that, together, best match the observations. The observations are orbital period, velocity amplitude, inclination, stellar radius-to-semi-major axis ratio, luminosity ratio, and primary temperature. We ignore our log g measurements, because surface gravity is the parameter we are trying to understand.
Our approach is to adopt a trial primary mass M 1 , and then calculate the resulting M 2 , stellar radii, surface gravities, and luminosities required by the observations. Stepping M 1 from 0.1 M ⊙ to 2.5 M ⊙ presents us with the plausible range of solutions for the T eff ≃ 8000 K primary stars. The correct solution is the one at which the primary and secondary stellar parameters self-consistently match evolutionary tracks. We consider the possibility that the binaries contain WD+WD, WD+MS, MS+WD, or MS+MS stars.
Some observational quantities are better constrained than others, and so we perform a Monte Carlo calculation to account for the errors. The result of the Monte Carlo calculation is a cloud of possible primary and secondary stellar parameters for each system. For every set of parameters, we record the best-matching pair of points in the respective stellar evolutionary tracks. Figure 9 visualizes the results for the three bestconstrained cases: J0750+40, J0803+41, and J1600+27. All three are 8000 K objects in eclipsing binaries with radial velocity orbital solutions. We present the results with a pair of plots for each object: temperatureluminosity (left-hand panel) and mass-radius (righthand panel). All plots are drawn on a log-log scale. Thus stellar radius falls along straight lines in the temperature-luminosity plot (per Equation 1), and surface gravity falls along straight lines in the mass-radius plot (per Equation 2).
Joint Constraints
The clouds of blue and red dots in Figure 9 are the results of the Monte Carlo calculations, showing the observational constraints on possible primary (blue) and secondary (red) parameters assuming a uniform prior on log (M 1 ). The black diamonds are the result: the parameter pair that best-matches with stellar evolutionary tracks simultaneously in mass, radius, temperature, and luminosity.
The colored curves in Figure 9 are selected isochrones from the two sets of stellar evolutionary models. The upper set of isochrones come from the Padova [M/H]= −1 tracks, stepping from 0.1 Gyr (magenta) to 12 Gyr (red) in factors of 3 in age. The lower set of isochrones come from the Althaus et al. (2013) WD tracks, stepping from 0.15 Gyr (magenta) to 2.4 Gyr (red) in factors of 2 in age. Because Althaus et al. (2013) start their tracks at the moment the WD progenitor detaches from the common envelope phase, the WDs begin hot and extended before cooling and shrinking with age. Note that the selected isochrones in Figure 9 are for display purposes; we search every time step of every track in our comparison.
We find that the observations of J0750+40 and J0803+41, sdA stars found by Kepler et al., are best explained by the metal-poor main sequence tracks: ≃1.2 M ⊙ stars with ≃0.8 M ⊙ companions. Solutions involving WDs yield 25 times larger residuals. We note that the best-matching surface gravity for J0750+40, log g = 4.3, is in perfect agreement with its SSPP measurement. If we were to use its SSPP effective temperature instead of our pure hydrogen model-derived T eff , the best solution to J0750+40 shifts slightly to a 1.15 M ⊙ and 0.7 M ⊙ pair of metal-poor main sequence stars. J1600+27, one of our sdA-like ELM WD candidates, is ambiguous. Formally, the best solution is a 0.16 M ⊙ helium-core WD orbiting a ≃0.8 M ⊙ main sequence companion. J1600+27's light curve fit yields a companion star that is more luminous and larger in radius than the hot "primary," which means the hot primary could be a WD. However, this would indicate that we caught J1600+27 right after the WD progenitor detached from the common envelope phase, which seems unlikely. Parameter solutions involving metal poor 0.95 M ⊙ + 0.95 M ⊙ main sequence stars are also possible with only 3 times larger residuals, in better agreement with J1600+27's SED. Higher resolution spectroscopy would resolve the issue, as an equal mass system would be a double-lined spectroscopic binary.
Two other eclipsing sdA stars that have infrared excess are J0802+43 and J0832+13. Neither system shows significant radial velocity variability. Instead, we perform our Monte Carlo calculation using our radial velocities as upper limits on the velocity amplitudes. We find that the observations are best explained by main sequence tracks: ≃1.9 M ⊙ stars with ≃1.0 M ⊙ companions if solar metallicity, or ≃1.3 M ⊙ stars with ≃0.8 M ⊙ companions if metal-poor. The upper limits on velocity push the solutions towards more massive stars, Figure 9 . Temperature-luminosity (left) and mass-radius (right) diagrams showing the joint constraints on J0750+40 (top), J0803+41 (middle), and J1600+27 (bottom). Possible primary parameters (blue dots) and secondary parameters (red dots) are shown for a uniform prior on M1. Colored curves are selected isochrones from Padova [M/H]=−1 tracks ranging from 0.1 Gyr to 12 Gyr (upper right) and from Althaus et al. (2013) helium-core WD tracks ranging from 0.1 Gyr to 2.4 Gyr (lower left). Black diamonds are the result: the primary and secondary parameter pair that most closely matches the full set of tracks simultaneously in mass, radius, temperature, and luminosity. and solar metallicity stars are more massive than metalpoor stars of identical temperature. However SSPP reports [Fe/H]= −0.971 ± 0.012 for J0802+43 (see Table  2 ) which clearly points to the metal-poor solution. Parameter solutions involving WDs have 1000 times larger residuals than main sequence star solutions.
In summary, we consider the joint constraints on five objects with eclipses, radial velocity orbits, and/or infrared excess. The four objects identified as sdA stars by Kepler are metal-poor ≃1.2 M ⊙ stars with ≃0.8 M ⊙ companions; the object selected as an ELM WD candidate is either a low mass WD with a main sequence companion or an equal-mass main sequence binary.
Comparison with Other Results
The photometric variability study of Bell et al. (2017) provides an interesting comparison. They target nine ∼8000 K ELM WD candidates suspected to fall in the empirical WD instability strip. Three objects pulsate: two may be ELM WD pulsators; one is clearly a highamplitude δ Scuti variable. Two other objects are photometric binaries: one has ellipsoidal variations consistent with an ELM WD binary; the other has ≃4 hr eclipses and must be a main sequence star. They conclude that ELM Survey objects with sdA temperatures are a mix of WDs and main sequence stars.
It is also interesting to check the kinematics of the five eclipsing binaries studied here. An 8000 K metal-poor main sequence star with absolute magnitude M g ≃ 2.5 is a 1000 times more luminous than an 8000 K ELM WD with M g ≃ 10 (Bressan et al. 2012; Althaus et al. 2013 ). The objects studied here have a typical apparent magnitude of g = 18. Thus any metal-poor 1.2 M ⊙ star would be about 13 kpc distant in the halo, while a ELM WD would be about 0.4 kpc distant and in the disk.
Systemic radial velocities for the eclipsing binaries J0832+13 and J1600+27 are +135 km s −1 and −294 km s −1 , respectively, consistent with halo stars. Systemic radial velocities for the other three eclipsing binaries are around 50 km s −1 , and thus ambiguous. Proper motions for the five eclipsing binaries are all about 3 ± 3 mas yr −1 , consistent with zero (Altmann et al. 2017 ). Small proper motions are expected for distant stars, however the large inferred ∼200 km s −1 tangential velocities are statistically insignificant given the errors. Thus the kinematics are consistent with halo stars, but not a significant constraint.
Taking this argument in the other direction, an sdA star with a high proper motion may be the signature of a nearby ELM WD. There are 1,364 sdA stars in the full Kepler et al. (2015 Kepler et al. ( , 2016 sample detected in at least 6 epochs in the HSOY proper motion catalog; 323 have non-zero proper motions at >3-σ confidence (Altmann et al. 2017 ). If we assume a fiducial absolute magnitude M g = 2.5 appropriate for a metal-poor 8000 K main sequence star, then 35 (or 3%) of the putative halo sdA stars are unbound to the Milky Way at >3-σ confidence. We consider unbound tangential velocities implausible given that the stars all have modest radial velocities. It is much more likely that these 35 sdA stars are WDs with M g ≃ 10, in which case their tangential velocities are comparable to their radial velocities. Including distance errors would reduce the number of significant tangential velocity outliers, but, on the basis of proper motions, we conclude that a few percent of the sdA objects may be WDs.
DISCUSSION
The eclipsing sdA binaries prove one thing: the sdA population contains metal-poor main sequence stars. ELM WDs that have cooled to A-F type temperatures, objects like the eclipsing system NLTT 11748 (Steinfadt et al. 2010; Kawka et al. 2010; Kilic et al. 2010) , are presumably mixed into the sdA population. But what fraction of sdA stars are metal-poor main sequence stars, and what fraction are ELM WDs? The eclipsing binaries cannot answer that question, because we do not know if the binaries fairly sample the sdA population. Instead, we turn to theoretical evolutionary tracks and the magnitude-limited ELM WD sample.
Evolutionary tracks provide a precise constraint on the time an ELM WD spends at sdA-like temperatures. The accuracy is complicated by thermonuclear hydrogen shell flashes that alter ELM WD evolutionary times (Driebe et al. 1998; Althaus et al. 2001) . The number of shell flashes and the mass threshold at which they occur depend on assumptions about element diffusion, progenitor metallicity, and rotation (Althaus et al. 2015; Istrate et al. 2016) . We consider the models of Althaus et al. (2013) and the models of Istrate et al. (2016) with rotation. These two sets of models agree to within 15% on ELM WD mass and luminosity at a given T eff and log g, however the time to reach that temperature can in some cases vary by more than a factor of 2.
What is true across all models is that a magnitudelimited sample contains fewer cool ELM WDs, because cooler WDs are less luminous than hotter WDs. Furthermore, a fraction of ELM WDs must merge with their companions before they cool to ∼8000 K temperatures. We account for mergers by assuming that ELM WDs have formed continuously over the past Gyr with the orbital period distribution derived by Brown et al. (2016b) . Following the Brown et al. (2016b) approach to evolving the ELM WD population, the ratio of 6500 < T eff < 9000 K to 10, 000 < T eff < 15, 000 K ELM WDs in a magnitude-limited sample is about 1:2 averaged over the two sets of evolutionary models.
The ELM Survey has now obtained a spectrum for every star in SDSS in the magnitude range 15 < g < 20 within the ELM Survey color cut. While some ELM WDs must fall outside the color cut, the ELM Survey provides a robust lower limit on the absolute number of ELM WDs. The clean sample of ELM WD binaries contains 36 objects with 10, 000 < T eff < 15, 000 K. Assuming that the true absolute number of ELM WDs in the SDSS footprint is a few times larger than the published number, the evolutionary model scaling predicts about 50 ELM WDs with 6500 < T eff < 9000 K in the magnitude range 15 < g < 20 in the SDSS footprint.
By comparison, Kepler et al. (2015 Kepler et al. ( , 2016 identify about 2600 sdA stars with 6500 < T eff < 9000 K and 5 < log g < 6.5 in SDSS. The sdA spectroscopic sample is incomplete. Thus cool ELM WDs comprise no more than about 2% of the sdA population. This estimate is consistent with the number of tangential velocity outliers in the sdA sample, a completely independent constraint. We conclude that most sdA stars, based on the observations presented here, are likely metal-poor A-and F-type main sequence stars in the halo.
Implications
The physical nature of sdA stars has important implications for their binary properties. The minimum orbital period for a detached binary is set by the Roche lobe radius (Eggleton 1983 ). If we adopt q = 0.67 seen in the eclipsing binaries, and assume that all sdA stars are ≃1.2 M ⊙ metal-poor stars, then the Roche lobe criterion demands that no sdA binary has P < 9 hr.
Indeed, no P < 9 hr system has yet been found among the sdA stars. Finding a P < 9 hr system would be evidence that the binary contains a WD. If sdA stars were solar metallicity stars, on the other hand, the period minimum is about 24 hr. This is already ruled out by J0421+00, J0823+37, and possibly J1541+31. Two-thirds of ELM WDs are observed in detached binaries with orbital periods P < 9 hr (Brown et al. 2016b) , binaries that cannot fit sdA stars. The implication is clear: the Roche lobe criterion sets a minimum binary orbital period for sdA stars 50 times larger than that of ELM WDs.
The physical nature of sdA stars also has implications for studies of pulsating ELM WDs. First discovered by Hermes et al. (2012b Hermes et al. ( , 2013b , the first three ELM WD pulsators are hotter than 9000 K and are in binary systems with P = 4.1 hr to 14.6 hr. The pulsating ELM WD companion to the millisecond pulsar PSR J1738+0333 has similar properties . The temperatures and orbital periods of these pulsators are consistent with being ELM WDs.
However, the fourth and fifth members of this class of pulsators are cooler than 9000 K and do not show any significant radial velocity variations (Hermes et al. 2013a) . Corti et al. (2016) and Bell et al. (2017) present five additional pulsators with temperatures below 8000 K, and with no evidence of binarity. Because pulsations are common in A-type stars, it is possible that these relatively cool pulsators are SX Phe variables, and not pulsating ELM WDs. Hence, there may be only four likely pulsating ELM WDs: the three pulsators presented in Hermes et al. (2013b) and the WD companion to PSR J1738+0333 . Measuring the rate of pulsation period change could clarify their stellar nature, because different classes of pulsators have different rates of period change (Calcaferro et al. 2017 ).
SUMMARY
In this paper we investigate the physical nature of sdA stars and their possible link to ELM WDs. The distribution of colors and reduced proper motions indicate that sdA stars are cooler and more luminous, and thus larger in radius, than published ELM WDs. We perform a detailed study of sdA stars in eclipsing binaries with infrared excess and/or radial velocity orbital solutions. The joint observational constraints are best explained with binaries containing metal-poor ≃1.2 M ⊙ main sequence stars with ≃0.8 M ⊙ companions, not with ELM WDs.
The source of confusion comes from fitting pure hydrogen models to sdA spectra. Metal line blanketing is important below 9000 K, and the Balmer lines become insensitive to temperature (Strömgren 1969) . We demonstrate that pure hydrogen model fits to synthetic A-F type spectra yield systematically wrong surface gravities by ∼1 dex. Empirically, surface gravities derived by SSPP for a set of sdA stars differ by 1.8 dex compared to their pure hydrogen model derived values. Thus sdA stars fit with pure hydrogen models appear to be WD imposters.
While it is true that ELM WDs must exist at sdAlike temperatures, they are intrinsically faint and sufficiently rare that we predict about 50 cool ELM WDs with 15 < g < 20 mag in the SDSS survey. Thus ELM WDs comprise of order 1% of the observed sdA population. This conclusion is supported by the small number of sdA tangential velocity outliers, and the absence of P < 9 hr periods in observed sdA binaries. The major- ity of sdA stars are likely metal-poor A-F type stars in the halo.
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